This paper discusses several practical issues related to the design of robust position controllers for hydraulic actuators by quantitative feedback theory (QFT). Important properties of the hydraulic actuator behavior, for control system design, are identified by calculating a family of equivalent frequency responses from acceptable nonlinear input-output data. The role of this modeling approach towards reducing over-design by decreasing the sizes of the QFT plant templates is described. The relationship between the geometry of the QFT bounds and the complexity of the robust feedback law is examined through the development of two low-order controllers having characteristics suitable for different applications. Experimental test results demonstrate the extent that each QFT controller is able to maintain robustness against variations in the hydraulic system dynamics that occur due to changing load conditions as well as uncertainties in the hydraulic supply pressure, valve spool gain, and actuator damping.
Introduction
Due to their overall reliability and high power-to-weight ratios, hydraulic actuators see widespread use in a variety of demanding applications ranging from manufacturing and construction to robotics and aerospace. Yet, control system development for hydraulic servos remains a challenging and active area of fluid power research. One of the difficulties that must be overcome by the controller is the nonlinear nature of the system functions. The square-root relationship between pressure and flow in the servovalve, for example, makes the valve flow sensitive to the magnitude of the load. Another important issue that needs to be considered as part of the control system development is how to cope with variations in the system parameters that inevitably occur during the operation of the actuator. For example, the output pressure of the hydraulic supply pump can vary with changes in the demand for fluid, especially when a number of actuators are operated from a common supply (Pannett, Chawdhry, & Burrows, 1999) . The effective bulk modulus of the hydraulic fluid can be influenced by changes in the fluid temperature or if the oil becomes contaminated (Yu, Chen, & Lu, 1994) . The actuator viscous damping can also change at different locations in the stroke (Bonchis, Corke, & Rye, 1999) .
In an effort to overcome these issues, a number of approaches have been applied to design hydraulic control systems, including feedback linearization (Seo, Venugopal, & Kenne, 2007; Vossoughi & Donath, 1995) , adaptive control (Guan & Pan, 2008; Plummer & Vaughan, 1996) , and nonlinear Lyapunov-based control (Sekhavat, Sepehri, & Wu, 2006) . Despite all these developments, however, the simplicity of proportional (P) or proportionalintegral (PI) control laws still prevails in many industrial fluid power applications (Jacazio & Balossini, 2007; Mare, 2006; Plummer, 2007) . Conventional P and PI controls are straightforward to setup using established tuning rules such as ZieglerNichols. However, the controller gains are usually selected based only on a nominal system model or response. Therefore, to ensure reasonable performance of these conventional controllers over a wide range of operating conditions, it is generally necessary to include additional compensation or gain scheduling in the feedback loop.
Alternatively, robust control techniques can be applied to develop conventional control laws for hydraulic actuators. The objective is to select the gains of a fixed low-order linear control law, such as P or PI, in such a way that the control loop is desensitized to the effects of plant nonlinearities and bounded plant parametric uncertainties. Considering the inevitable variation in the plant dynamics at the design stage allows the controller gains to be tuned in such a way that the best tradeoff between the cost of feedback and closed-loop performance robustness can be achieved. Robust control design of hydraulic systems therefore enables improved transient and steady-state performance to be realized over a wide range of operating conditions, while retaining the simplicity of conventional, loworder, linear control laws.
ARTICLE IN PRESS
Quantitative feedback theory (QFT), in particular, is well suited for developing robust fluid power control systems because the entire QFT design process is highly transparent and uses only classical frequency domain concepts such as the Nichols chart. Therefore, the details of the controller synthesis are both easy to understand and execute. The focus of this paper is to document the important issues related to the application of QFT for design of low-order position controls for hydraulic actuators that are simple and straightforward to implement, yet are robust to typical variations in the system dynamics.
The QFT design procedure for hydraulic actuators involves the following steps: (i) expressing the dynamics of the parametrically uncertain nonlinear hydraulic actuator as a set of equivalent linear time-invariant (LTI) functions, (ii) establishing plant templates to characterize the equivalent LTI hydraulic actuator dynamics as gain-phase variations on the Nichols chart, (iii) formulating point-wise performance bounds on the closed-loop frequency response to guide the controller design, and (iv) adjusting the controller gains via a loop shaping procedure to ensure the closed-loop system can achieve the prescribed performance tolerances. For hydraulic actuators, one of the most challenging aspects of the QFT design process is deriving the equivalent LTI representation of the system.
The most common way to translate the nonlinear hydraulic actuator dynamics into an equivalent LTI form is to linearize the hydraulic functions around different operating points (Merritt, 1967) . This approach was employed by Thompson, Pruyn, and Shukla (1999) , to design a QFT position controller for robust tracking and stiffness in a hydraulic flight control actuator. QFTbased force control of hydraulic actuators using operating-point models has been studied in Nam and Hong (2002) and Ahn and Dihn (2009) . Niksefat and Sepehri (2002) and Sepehri (2003, 2005 ) also used linearization to design robust QFTbased control laws for hydraulic servos operating in the presence of different types of system faults. Since linearization can only approximate the nonlinear system over a limited region of operation (small-signal assumption), the operating points for large-signal responses must be evaluated by linearizing along the system trajectories. Properly accounting for the time-variation in the linearized parameters is necessary to ensure that the hydraulic system dynamics are adequately modeled. In QFT, however, the time-varying operating points are considered fixed so their effects are observed at all frequencies. As a consequence, the linearization process introduces, unnecessarily, additional uncertainty that must be overcome by the controller. This can lead to conservatism, over-design and high-gain control (Karpenko & Sepehri, 2008) .
To reduce such design conservatism as much as possible, and hence minimize feedback, this paper elaborates on an alternative approach for establishing the equivalent LTI representation of hydraulic actuators known as LTI-equivalent (LTIE) modeling. LTIE models are defined as the ones that generate the same outputs as the nonlinear system when driven by the same input signal (Horowitz, 1993) . Because of this property, LITE functions can directly account for the fact that the output of the hydraulic actuator is dependent upon the strength of the input. Moreover, LTIE models are obtained directly by evaluating the transforms of acceptable nonlinear hydraulic actuator inputoutput signals. Therefore, both small-and large-signal responses can be accurately represented by fixed functions in the frequency domain, thus reducing design conservatism. Using QFT along with the LTIE modeling approach, it is possible to develop loworder, easy to implement, and robust hydraulic actuator control systems.
This paper also discusses a number of other practical issues related to QFT design of robust position controllers for hydraulic actuators. In particular, several aspects of the controller development that are improved on through the use of LTIE modeling are emphasized. The role of LTIE modeling on reducing design conservatism is demonstrated by comparing the LTIE plant templates against those obtained by conventional linearization of the hydraulic functions. It is shown that the LTIE modeling approach properly identifies the characteristics of the uncertain hydraulic actuator frequency responses that are important for QFT control system development. The linearization approach, on the other hand, yields larger templates and therefore greatly increases the amount of control effort needed to solve the robust control problem. The influence of the QFT bounds on the complexity of the robust feedback controller is also carefully examined. The interaction between the QFT bounds and the nominal loop shape shows clearly that conventional P or PI controls are inadequate to achieve the specified design tolerances on closed-loop reference tracking and robust stability margins. By leveraging the QFT loop shaping process to select appropriate controller poles and zeros, however, it becomes possible to realize the desired closed-loop performance using only fixed-gain feedback. The geometry of the QFT bounds is exploited to design two control laws, each having different characteristics, to solve the robust control problem. The first controller is a proportional type that minimizes the amount of feedback gain needed to meet the closed-loop performance objectives. The second control law incorporates an integrator and achieves very tight control over the actuator position response, even in the presence of unmodeled dynamics. The relative merits of each type of control law are compared and contrasted by several experimental tests.
Experimental setup

Hydraulic test bench
A schematic of the experimental hydraulic positioning system is shown in Fig. 1 . The test bed is comprised an industrial hydraulic actuator manufactured by Parker-Hannifin and a closed-center Moog servovalve. The actuator is a double rod type having a 38:1-mm bore and 25:4-mm rods and the servovalve is a nozzle-flapper valve with a 31 L/min (8.3 GPM) flow capacity at 17 MPa (2500 psi) supply pressure. The experimental hardware is interfaced to a desktop computer workstation running the Windows XP operating system. A DAS16F input-output board is used to digitize the analog instrumentation and apply the software generated control signal to the servovalve. A M5312 quadrature encoder card and a cable driven rotary optical encoder are used to measure the piston position. As shown in Fig. 1 , an external load is generated by operating the actuator against a loading spring mounted rigidly to the test bench structure. Different springs can be used to implement different loading rates. The hydraulic test bench also comprises several additional hardware elements that can be employed to emulate the effects of various system parametric uncertainties (Sepehri, Karpenko, An, & Karam, 2005) . A pressure reducing-relieving valve is used to manipulate the supply pressure, which can vary in practice due to changes in the demand for hydraulic fluid. Two slave actuators can be connected to the hydraulic positioning system via a movable carriage in order to modify the effective viscous damping of the ram. The additional rate dependent force is set by adjusting a needle valve that regulates the flow of oil between the slave actuator chambers. Changes in the servovalve spool gain that occur as the servovalve ages are emulated in software by scaling the computed command signal via an adjustable gain block. The test bench therefore allows the controller robustness to be verified in practice.
Mathematical modeling
Referring to Fig. 1 , the nonlinear state equations that describe the relationship between the servovalve control flows (input), Q 1 and Q 2 , and the actuator position (output), x p , are
The mass of the piston/load, the effective viscous damping of the actuator, the piston annulus area, and the bulk modulus of the hydraulic fluid, are given by parameters, m, d, A, and b h , respectively. Pressures P 1 and P 2 denote the hydraulic pressures in each of the two actuator chambers. The volumes of hydraulic oil on each side of the piston are given by variables V 1 ¼ Ax p þV 1 and V 2 ¼ AðLÀx p ÞþV 2 , where V 1 and V 2 refer to the volumes of the connecting lines between the servovalve and the ram. Parameter L is the length of the actuator stroke. External load, F L , is considered to be stiffness dominant, i.e. F L ¼ kx p þ F o with variable stiffness, k, and uncertain preload, F o .
The servovalve control flows are given by the following equation (Merritt, 1967) :
which are valid for both extending and retracting strokes. Pressure P s in (2) refers to the hydraulic supply pressure and constant w is the orifice area gradient of the servovalve. The servovalve orifice coefficient of discharge is given by C d , while r denotes the density of the hydraulic oil. State variable x v is the displacement of the servovalve spool.
Finally, the relationship between the control signal, u, and the position of the servovalve spool is modeled as a second-order lag having undamped natural frequency o v , damping ratio z v , and valve spool position gain, k v . The servovalve spool dynamics are given in the frequency domain as P V ðjoÞ ¼ X v ðjoÞ= Nominal values of the model parameters for the experimental hydraulic system under investigation were identified, wherever possible, from manufacturers data. However, the values of some parameters had to be estimated by comparing nonlinear simulations against experimental data for different system inputs. The identified nominal system parameters are summarized in Table 1 . Uncertainties in the system parameters, against which the controller should be robust, are also given. These uncertainty ranges can be emulated in experiments using the test bench described in Section 2.1. The reported uncertainty ranges are in line with other research work focused on robust control design for hydraulic servos, e.g. Thompson et al. (1999) . However, in a practical design scenario, the ranges of the system parameters should be established using engineering judgment from knowledge of the actuator hardware and the anticipated operating environment.
Overview of QFT design technique for hydraulic actuators
The theory underlying QFT has been well documented elsewhere, e.g. Horowitz (1993) . Therefore, this section presents only a brief overview of the QFT design technique, with an emphasis on aspects related specifically to hydraulic actuation systems. A schematic of the QFT position control system under consideration is shown in Fig. 2 . The objective is to synthesize fixed gain prefilter, FðsÞ, and robust controller GðsÞ, so that the closed-loop system around the uncertain nonlinear hydraulic actuator, denoted by plant set H in Fig. 2(a) , behaves like the equivalent LTI feedback system shown in Fig. 2(b) . To accomplish the design of the controller, it is necessary to identify a set of equivalent LTI frequency response functions, P, between the plant input, u, and the plant output, x p . The set of LTI functions must capture the effects of the hydraulic system nonlinearities as well as changes in the system dynamics that arise due to parametric uncertainty.
Normally set P is solved by linearizing the servovalve flow equations (2) around a number of fixed operating points. This approach should suffice to approximate the dynamics of the hydraulic system over a limited region of operation. However, it is easy to violate the underlying small-signal assumption in practice because the values of the linearized valve coefficients are sensitive to changes in the load. Thus, in cases where the load changes significantly during the transient response, e.g. stiffness dominant load, it is necessary to perform the linearization along the system trajectories. In the latter case, different sets of timevarying operating points are required to model the system response for different inputs. Since there is no way to map the time-variation of the linearized valve coefficients into a similar frequency response variation, the changes in the linearized valve coefficients must be modeled by a constant amount of parameter uncertainty added at all frequencies.
This problem affects the sizes of the QFT templates but can be avoided by adopting the LTIE modeling approach. Using the LTIE approach, the frequency response functions of set P are evaluated numerically from time histories of acceptable nonlinear inputoutput responses. By working with the plant input-output data directly, any small-or large-signal response can be represented by a single, fixed, frequency response function. The LTIE approach therefore ensures that the amount of uncertainty needed to characterize the effects of the plant nonlinearities is properly distributed in the frequency domain, by a family of fixed frequency response functions. This representation of the hydraulic actuator response is not possible using linearized analysis.
For the hydraulic system, the set of LTIE functions can be constructed in the following way: First, a set of outputs, x p ðtÞ A X p , is defined to represent the family of acceptable closed-loop responses arising when different command inputs, x c ðtÞ A X c , are applied to the closed-loop system. It is necessary to specify a set of acceptable closed-loop outputs since, for fixed GðsÞ and FðsÞ, it is impossible to realize a single system function in the presence of plant uncertainty. denotes the inverted dynamics of the hydraulic system. Alternatively, each uðtÞ can be solved in a forward fashion by a stepwise procedure in which the plant drive signal is adjusted at each time step to achieve the required output response (Ashworth, 1987) . The former procedure is used to compute uðtÞ in this paper. However, the latter approach would be preferable in scenarios where the nonlinear system dynamics are difficult or impossible to invert. Finally, the LTIE frequency response is evaluated for each input-output response pair by computing ratio, PðjoÞ ¼ X p ðjoÞ=UðjoÞ.
To calculate each member of set PðjoÞ, functions X p ðjoÞ=UðjoÞ are first decomposed as the cascade connection of transfer functions, P V ðjoÞ ¼ X v ðjoÞ=UðjoÞ and P H ðjoÞ ¼ X p ðjoÞ=X v ðjoÞ, as in (3). Function P V ðjoÞ is easy to calculate, but the response of P H ðjoÞ ¼ X p ðjoÞ=X v ðjoÞ cannot be determined analytically. The transforms of x v ðtÞ and x p ðtÞ can, however, be numerically evaluated as truncated continuous-time Fourier transforms. For example, the frequency response of x p ðtÞ can be evaluated as (Karpenko & Sepehri, 2008) X p ðjoÞ ¼ lim
where h refers to the width of the fixed integration interval. A similar computation can be done to obtain X v ðjoÞ. Function P H ðjoÞ can then be found by taking the ratio of the output to input frequency responses computed from (4). After the original set of uncertain nonlinear plants, H, is replaced by LTIE set, PðjoÞ ¼ fP V ðjoÞP H ðjoÞg, the design of the control system is completed by the following steps (see Fig. 3 ).
Generating QFT uncertainty templates
QFT uncertainty templates are regions on the Nichols chart that describe the overall variation in the open-loop gain and phase of plant set, P, at different frequencies. The QFT templates are used together with design specifications on closed-loop performance, such as reference tracking and stability margins, to establish QFT bounds that guide controller loop shaping.
Computing QFT bounds
Closed-loop performance tolerances are translated into pointwise bounds on the magnitude of the nominal loop transmission, L nom ðjoÞ ¼ GðjoÞP nom ðjoÞ, where P nom ðjoÞ refers to a nominal plant selected from set P. The bounds reveal tradeoffs between the performance tolerances and control system robustness at a number of design frequencies. They are derived manually by moving the uncertainty templates between the appropriate magnitude contours (M-circles) on the Nichols chart, or automatically by a computer program.
Nominal loop shaping
The objective of loop shaping is to manipulate the nominal loop transmission by adding controller poles and zeros so that the loop transmission lies in the acceptable region on the Nichols chart. The nominal loop transmission should lie above the open tracking bounds (solid bounds in Fig. 3 ) and outside the closed stability bounds (dashed bounds in Fig. 3 ) that encircle the ðÀ180 3 ; 0 dBÞ critical point. Although loop shaping is carried out for the nominal loop transmission only, the geometry of the QFT bounds ensures that the amount of sensitivity reduction achieved by the controller will be adequate for all the plants in uncertain set P. After manipulating the loop shape, the transfer function of the control law is solved straightforwardly as, GðjoÞ ¼ L nom ðjoÞ=P nom ðjoÞ.
Design of prefilter
A prefilter, FðsÞ, is employed as a second design degree-offreedom to further shape the reference tracking response. This is necessary because shaping the loop transmission to satisfy the QFT bounds only guarantees that the overall variation in the closed-loop magnitude will be less than the specified tolerance. Design of the prefilter is accomplished easily using straight-line Bode approximations (Horowitz, 1993) .
Robust controller design
The QFT design technique described in Section 3 is now applied to develop two different fixed-gain robust control laws for positioning the experimental hydraulic actuator. Each controller is of low-order and uses only the actuator position as feedback, thus retaining the ease of implementation of a conventional control law. The first controller uses a proportional structure and is near-optimal in terms of minimizing the amount of controller gain needed to meet closed-loop performance tolerances on reference tracking and robust stability. The second control law incorporates an integrator to enable tight control over the actuator position response and enhance performance in applications where static errors cannot be tolerated. Aspects of the controller development that are improved on through the use of LTIE modeling are also emphasized.
QFT uncertainty templates
To generate the QFT uncertainty templates for the hydraulic system, the family of acceptable input-output responses must be constructed from the nonlinear system model given by (1) and (2). Using the LTIE modeling approach, the family of acceptable closed-loop output responses is specified first. For hydraulic actuators, a practical set of acceptable output responses, X a p ðsÞ ¼ fX c ðsÞTðsÞg, is given by
Function TðsÞ in (5) represents the acceptable system function to be realized by the feedback system. The locations of the TðsÞ poles are selected by considering conventional time-domain figures of merit in order to set the main characteristics of the system response. The amount of acceptable variation in the hydraulic actuator output is regulated by allowing parameter l to change over a small range. Acceptable closed-loop position responses (output) are shown in Fig. 4 (a) for
z p ¼ 1:0 with lA½14; 33. The set of reference inputs, X c , was selected to cover both the small-and large-signal regimes and consists of steps ranging from 5-to 50-mm in magnitude. The corresponding set of servovalve spool displacement histories (input) was calculated next by simulating an inverse model of the hydraulic actuator dynamics. A procedure for computing the inverse dynamics of the hydraulic actuator is given in the Appendix. To generate the acceptable input-output response pairs, each uncertain parameter was varied through its range while holding the others constant. This ensures that the family of acceptable actuator responses represents the entire range of parameter uncertainty adequately. Some typical servovalve spool displacement curves are shown in Fig. 4(b) . Fig. 5 shows several LTIE frequency responses, P H ðjoÞ ¼ X p ðjoÞ=X v ðjoÞ, that were calculated numerically using (4). Since the frequency responses are evaluated directly from the nonlinear input-output pairs, they accurately capture the properties of the hydraulic actuator response that are important for QFT robust control design. Moreover, the frequency response curves are generated from (4) without deriving a rational transfer function representation of the nonlinear system. Thus, the correct pole/ zero structure of each LTIE function arises naturally from the transform computations. This ensures that the frequency response variations accurately reflect the dynamic characteristics of the uncertain nonlinear system and avoids the introduction of LTIE models with spurious pole/zero structures that could otherwise limit closed-loop performance. This feature is an advantage of the proposed modeling approach.
Referring to Fig. 5 , the LTIE frequency responses accurately represent: (1) the low-frequency integration characteristic of the ram, (2) the actuator resonant mode in the high-frequency range that results from the interaction between the load mass and the compressibility of the hydraulic oil, and (3) the reduction in the actuator phase lag in the mid-frequency band that arises due to large excursions of the servovalve spool from null during the transient response. It is not possible to reproduce these frequency response curves using linearization due to the time-varying nature of the linearized servovalve coefficients.
The QFT uncertainty templates are determined by complex number multiplication of the set of identified P H ðjoÞ functions with the frequency response of the servovalve, P V ðjoÞ, at different design frequencies. Several templates of LTIE plant set P ¼ fP V P H g are shown side-by-side in Fig. 6 . The data points within the template boundaries represent the gain and phase of each member of set P. The relative position of each template with respect to the origin of the gain-phase chart is irrelevant at this point since each template will be correctly positioned with respect to the M-circles later, during loop shaping. Fig. 6 also shows several template boundaries (dashed lines) that were obtained by linearizing the actuator input-output responses along the system trajectories (Karpenko & Sepehri, 2008) . As can be seen, the sizes of the linearized templates are significantly larger than their LTIE counterparts. This indicates that the linearization approach introduces a larger amount of gain and phase variation than is necessary to properly describe the uncertain nonlinear hydraulic actuator dynamics. Thus, design conservatism will be greater for the linearized design. Moreover, since the role of the QFT controller is to position the templates between appropriate M-circles on the Nichols chart, the larger sizes of the linearized templates imply that more feedback will be required to achieve this objective resulting in a higher-gain design. Consequently, the potential for over-design can be significantly reduced by following the proposed LTIE modeling approach.
QFT bounds
Compensating functions FðsÞ and GðsÞ are now designed so that the output of the feedback system around the nonlinear hydraulic actuator generates the acceptable response set given by (5). To ensure that the system functions, T ¼ X a p =X c ¼ FGP=ð1 þ GPÞ, give the acceptable response for all P A P, two closed-loop performance tolerances should be satisfied.
The first design requirement is a specification on the closedloop reference tracking performance. The tracking specification bounds the set of system functions according to the following inequality: 
Functions T L ðsÞ and T U ðsÞ are lower and upper bounding functions whose step responses form an envelope around the acceptable hydraulic actuator response set X a p . Satisfaction of (6) for all P therefore guarantees that the position responses of the hydraulic actuator will be similar to the acceptable set, X a p , for all the inputs, X c , considered in the design. The lower and upper bounding functions were derived using the dominant poles of (5) and then augmented to increase the spread between the lower and upper bounds in the high-frequency range (Horowitz, 1993) .
The second design requirement is a tolerance on closed-loop stability and is required because the QFT design bounds derived from (6) are sufficient only to reduce the gain variation in the closed-loop responses by the required amount. Therefore, to ensure robust stability, gain/phase margins of 5:4 dB and 50 3 are specified. This gives the following restriction on the peak magnitude of the closed-loop frequency response:
Inequality (9) allows for greater overshoot in the system step response than the amount dictated by upper tracking bound (8).
However, this overshoot can be reduced to a level compatible with the prescribed tracking bounds later, by the design of the prefilter. Tolerance (9) also sets an upper limit on the peak sensitivity of the closed-loop system by the relationship between the sensitivity and complementary sensitivity functions, i.e. 1=ð1 þ GPÞ ¼ 1ÀGP=ð1 þ GPÞ. Further attenuation of additive disturbances acting on the plant output can be addressed by including a specification on the magnitude of the system sensitivity, j1=ð1 þGPÞj, in the relevant low-frequency range.
Using the identified LTIE templates closed-loop performance specifications (6) and (9) are now translated into QFT bounds on the nominal loop transmission, L nom ðjoÞ ¼ GðjoÞP nom ðjoÞ. The numerical approach documented in Chait and Yaniv (1993) was used to facilitate the computation. To reduce the solution time, only those plant gain-phase points lying on the template boundaries were considered. This is because the design specifications are automatically satisfied for any gain-phase points lying within the template perimeter. The resulting QFT bounds, BðoÞ, are shown in Fig. 7 at several important design frequencies. Fig. 7 also shows two different nominal loop transmissions obtained by cascading a conventional proportional (P) controller and a proportional-integral (PI) controller in series with the selected nominal plant. The loop transmission with the P controller, L P nom ðjoÞ, was designed using the approach given in Neal (1974) . The control signal is given by uðtÞ ¼ K P eðtÞ with K P ¼ 130 V=m. The PI controller was designed by keeping K P ¼ 130 V=m and adding an integrator so that uðtÞ ¼ K P eðtÞþK I R eðtÞ dt. The integrator gain was set to a value of K I ¼ 1200 V=m=s, in order to achieve the required 50 3 phase margin. The loop transmission using the PI control law is denoted in Fig. 7 as L PI nom ðjoÞ. Referring to Fig. 7 , it is seen that neither conventional controller can properly satisfy the QFT bounds. In particular, the loop transmission for each design violates the tracking bounds (solid bounds). As a result, the required sensitivity reduction cannot be achieved. Moreover, since the resonance peaks nearly intersect the 1:2 dB M-circle at o ¼ 440 rad=s, unacceptable ringing will occur and degrade the transient response. Clearly, the nature of the QFT bounds dictates that conventional P or PI control strategies are inadequate to solve this robust synthesis problem. The desired robust performance can, therefore, only be achieved through the design of more complex control structures.
Nominal loop shaping
The main factor limiting the performance of the conventional P and PI control systems is the lightly damped resonant mode of the hydraulic actuator. The resonance peaks occur when the actuator phase lag is approximately 180 3 and, as a consequence, severely limit the achievable gain margin. This makes it impossible to satisfy the QFT bounds using conventional P or PI controllers, which have little influence on the behavior of the loop transmission at the resonant frequency. To overcome this problem, a reasonable QFT loop shaping philosophy is to design the gainphase characteristics of the robust controller to make +L % À360 3 at the resonant frequency. This will diminish the influence of the complex mode on the gain margin and simultaneously improve the closed-loop disturbance response by reducing the system sensitivity at the resonant frequency. The nominal loop transmissions of Fig. 7 were redesigned, using this approach, to properly solve the robust synthesis problem.
The first loop shape was designed to retain the type-0 feedback structure of a conventional P controller. To shape the nominal loop, the proportional gain was first adjusted to satisfy Bð1Þ. Next, a lag filter formed by pole-zero pair, ðs þ 25Þ=ðs þ 16Þ, was implemented to pull the loop transmission slightly to the left so that the other reference tracking bounds, Bð3Þ through Bð10Þ, could be satisfied. Last, an underdamped complex pole pair was added to roll off the high-frequency controller gain and introduce the amount of phase lag necessary to shift the resonance peaks left on the Nichols chart. The resulting nominal loop transmission is shown as L A nom ðjoÞ in Fig. 8 . The robust QFT controller, hereafter referred to as the proportional QFT controller, has the following transfer function:
Loop transmission L A nom ðjoÞ exploits the geometry of the QFT bounds by following the dips in the low-frequency bounds Bð1Þ through Bð6Þ. This allows the loop shape to be positioned as low as possible on the Nichols chart and, in turn, minimizes the amount of feedback needed to achieve the closed-loop performance specifications.
The second loop transmission, L B nom ðjoÞ in Fig. 8 , was built to include an integrator similar to a PI-controller. To shape the loop, the integral gain was first increased to position the loop transmission above Bð1Þ. Next, a controller zero was placed at s ¼ À5 and an underdamped complex pole pair was implemented to stabilize the closed-loop system and shift the resonance peaks to the left on the Nichols chart. A lag filter was then designed to further manipulate the loop transmission around the stability bounds (dashed bounds). After some iteration of the controller elements, the following robust control law was obtained:
Control law (11) will be referred to in the sequel as the integrating QFT controller. This fixed-gain controller represents the most economical type-1 control law that can achieve the prescribed closed-loop performance requirements. Comparing (10) and (11), it is seen that the transparent nature of the QFT loop shaping process allows the complexity of each QFT controller to be maintained similar despite the change in controller type.
Prefilter design
Design of a prefilter to further manipulate the closed-loop frequency response is necessary, for each QFT control loop, to ensure that the system responses lie within the specified tracking envelope. The prefilters are designed by plotting the magnitudes of the closed-loop tracking bounds against the extreme values of jGP=ð1 þ GPÞj for each control loop. The transfer function of the prefilter that completes the design of the proportional QFT control system is
A suitable prefilter for the integrating QFT control system was found to be F B ðsÞ ¼ 23ðs þ13Þ ðs þ 7:5Þðs þ40Þ ð13Þ
Remarks
At this point, it is necessary to summarize some of the observations pertaining to robust QFT control design for hydraulic servos that have been made thus far. One of the most important aspects of QFT control development for hydraulic actuators lies in establishing the equivalent system models. It was shown in Section 4.1 that the application of the LTIE modeling approach utilized in this paper allows the sizes of the QFT templates to be significantly reduced. This diminishes the possibility of control system over-design. Nonetheless, one may wish to design the QFT control system based on the conventional linearization approach. In this case, the QFT design bounds will become more difficult to satisfy. Consequently, higher controller gain will be required and the complexity of the control law will increase since a greater number of poles and zeros will be needed to shape the nominal loop around the stability margins. Moreover, due to the requirement for greater controller gain over the bandwidth, the controller may readily saturate the control valve input. In addition, the control loop will become more stiff and more susceptible to sensor noise.
It is also necessary to emphasize that the choice of QFT controller type, viz. proportional or proportional-integral, is driven primarily by the intended fluid power application. Selecting proportional control law (10) can be advantageous in applications where changes in the position set-point are highly dynamic since proportional controllers are not susceptible to wind-up phenomena. Integrating control law (11), on the other hand, enables tight control to be maintained over the actuator position response and has the capacity to eliminate static errors resulting from unmodeled nonidealities.
Finally, it is useful to observe that the application of the proposed QFT approach for control system synthesis gives a great deal of insight into the possible tradeoffs in system performance using different control structures. For example, the interaction between the QFT bounds and the nominal loop shape clearly shows when conventional P or PI controls are inadequate to solve the robust control problem. At the same time, the QFT bounds also reveal how the controller can be modified through the addition of poles and zeros in order to achieve the desired closed-loop performance in a robust fashion. Thus, QFT provides a valuable tool for the design of simple yet easy to implement robust hydraulic actuator control systems.
Experimental results
The ability of the designed QFT control systems to meet the specified closed-loop performance constraints in a robust fashion is demonstrated, in this section, by several experimental tests. The nominal performance of each QFT controller was first evaluated by operating the hydraulic ram against a 30 kN=m spring. In the tests, the hydraulic supply pressure, the valve spool gain and the effective viscous actuator damping were all set to their nominal values (see Table 1 ). Normalized experimental position responses of the hydraulic system, for various step input commands ranging from 5-to 40-mm, are shown in Fig. 9 . Referring to Fig. 9 , the experimental position responses all fall well within the design bounds and the control signals are smooth. Each closed-loop positioning system is also observed to make good use of the available plant capacity since the control signals span nearly the entire 10 V range of the control valve input. The experimental results were observed to be consistent with nonlinear simulations carried out during the control system design stage. Fig. 10 illustrates the robustness of each QFT control system with respect to variations in the magnitude of the external load. Loading rates ranging from 0 to 80 kN=m were tested by implementing different compression springs on the hydraulic test bench. During the tests, the other system parameters were held as close as possible to their nominal values. Fig. 10 shows that the variations in the normalized position responses are small, despite large changes in the external load stiffness. Thus, each QFT controller can cope well with the nonlinear servovalve flow characteristics, which are exacerbated by the load. A final set of experimental step response tests was carried out to verify control system robustness in the presence of actuator uncertainty. The hydraulic actuator was operated against the 30 kN=m spring to generate the load. Different hydraulic supply pressures from 13.8 to 17:9-MPa (2000-2600-psi) and various valve spool gains ranging from 25 to 31-mm=V were tested. Also in some of the tests, the two slave actuators (see Fig. 1 ) were connected to the system in order to simulate an increase in actuator viscous friction. Normalized step responses are shown in Fig. 11 . Comparing the performance of each controller, it is observed that there is a greater variation in the closed-loop position response using the proportional QFT controller. This result arises from the fact that the proportional QFT control law uses a minimum amount of control gain to solve the robust control problem. Therefore, greater variation in the system output for different operating conditions is to be expected. Nonetheless, the proportional QFT controller can still maintain the position responses close to nominal even in the presence of significant parametric uncertainty. The integrating QFT controller, on the other hand, is observed to maintain very tight control over the actuator position response despite the variations in the hydraulic system parameters. The performance of each QFT control system also differs in terms of steady-state accuracy. Using the proportional QFT controller, the steady-state error could be maintained within 5% of the desired value, while the integrating QFT controller ultimately reduces the error toward zero. This reasonable performance was obtained even in the presence of actuator dry friction, a nonideality that was not considered explicitly as part of the controller design.
Conclusions
This paper discussed some practical issues related to QFT design of simple and robust position controllers for hydraulic actuators. A family of LTI-equivalent models was identified for an experimental hydraulic actuator, operating against an uncertain load and in the presence of parametric uncertainty, directly from acceptable input-output data. As compared to linearizing the hydraulic actuator dynamics, the LTIE modeling approach was shown to diminish the potential for over-design by accurately capturing the important properties of the nonlinear hydraulic actuator frequency responses. The influence of the QFT bounds on the complexity of the robust controller was illustrated through the development of two QFT control laws, each suitable for different fluid power applications, to meet prescribed tolerances on closed-loop reference tracking and stability margins. The first controller used a proportional structure and exploited the geometry of the QFT bounds in order to minimize feedback. The proportional QFT control law is therefore well suited to applications involving noisy sensors or highly dynamic reference commands. The second control law incorporated an integrator to achieve tight control over the actuator position response and is suitable for applications where static errors due to unmodeled nonidealities cannot be tolerated. Experimental tests clearly illustrated the relative merits of both types of controllers and demonstrated the extent to which each is able to maintain the closed-loop performance within design tolerances despite system nonlinearities and parametric uncertainties.
While the use of conventional P or PI control laws still prevails in many fluid power applications, this paper clearly demonstrates how QFT loop shaping can be exploited to tune the performance of hydraulic servos that must operate amidst system uncertainty. Using QFT it was straightforward to design simple, fixed-gain, controllers that require only the actuator position for feedback, yet can meet demanding closed-loop tolerances over a wide range of operating conditions. Moreover, the high transparency and well-understood classical frequency domain concepts that form the basis of the synthesis technique should make the QFT design approach presented in this paper particularly appealing to engineers engaged in the design of high-performance fluid power control systems.
using an approach similar to the one described in Niksefat, Sepehri, and Wu (2007) .
Differentiating and manipulating Eq. (1b), which describes the dynamics of the piston, leads to the following relation:
Using (1c) 
Using the time derivatives of x p ðtÞ and F L ¼ kx p ðtÞþF o , the linear system formed by (15) and (16) is solved for the corresponding values of variables x v , _ P 1 and _ P 2 . To propagate the inverse model forward in time, the previously solved pressure derivatives, _ P 1 ðt i Þ and _ P 2 ðt i Þ, are integrated using Euler's forward method. The results of the numerical integration are the values P 1 ðt i þ 1 Þ and P 2 ðt i þ 1 Þ, which are used to solve the system of equations at the next time step.
